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1 Currently at Boeing Co., Ridley Park, PA, USA.The interaction of multiple delaminations in a laminated composite plate loaded dynamically under
plane strain conditions (cylindrical bending) is studied by a simple but accurate model that represents
the delaminated plate as a set of Timoshenko beams joined by cohesive interfaces. Behavioral maps
are derived, which distinguish conditions under which multiple delaminations tend to propagate with
equal lengths from those under which one of them tends to grow as a dominant crack with relatively high
velocity. In homogeneous systems, equal length growth is favored when the delaminations are equally
spaced through the thickness. While the behavioral maps are similar to those for static loading condi-
tions, signiﬁcant dynamic effects arise in the details of propagation: the maximum energy release rate
depends strongly on the loading rate, duration and proﬁle; dynamic effects and crack-interaction effects
are generally coupled; and strong hammering effects (chaotic collisions of sub-laminates) can occur dur-
ing the free wave motions that arise after the load is removed. The hammering effect can be suppressed
by imposing a large-scale bridging mechanism (bridging extending far in the crack wake, as from pins or
stitches), whereupon energy release rates tend to show smooth oscillations associated with waves prop-
agating on the scale of the whole specimen. The energy absorbed during failure will depend signiﬁcantly
on whether conditions favor multiple delaminations propagating with equal lengths or a single delami-
nation growing dominantly.
 2009 Published by Elsevier Ltd.1. Introduction among the more recent works). While several authors have formu-Multiple delamination and interfacial fracture are dominant
damage mechanisms of laminated and multilayered systems sub-
ject to dynamic loadings, e.g., of low and high velocity impact
and blast. They are also important energy dissipation mechanisms.
Often the delaminations are undetectable on the surface and may
signiﬁcantly reduce the stiffness of the structure and its ability to
sustain repeated loadings; or they may grow catastrophically, lead-
ing to structural failures.
1.1. Existing literature on multiple delaminations
The impact of laminated and multilayered plate structures has
been studied extensively (see Abrate, 1997, 1998 for reviews), as
has the problem of single dynamic delamination fracture (Kanni-
nen, 1974; Bilek and Burns, 1974; Freund, 1977; Hellan, 1978a,b,
1981, among the early works using beam/plate theory approaches;
Sankar and Hu, 1991; Sridhar et al., 2002; Corigliano et al., 2006,Elsevier Ltd.
x: +39 010 353 2534.
sabò).lated models that have the capacity of analyzing multiple delamin-
ations (Williams and Addessio, 1997, 1998; Zou et al., 2001; Alfano
and Crisﬁeld, 2001; Aoki et al., 2007), few have proceeded to do so,
perhaps because the complexity of the problem leads to burden-
some analyses and makes it difﬁcult to draw general and insightful
conclusions. For quasi-static problems, Larsson (1991) and Suema-
su (1993) showed the important inﬂuence of contact between the
delamination surfaces in multiply delaminated structures subject
to in-plane loading; Larsson (1991) and Zheng and Sun (1998)
highlighted ampliﬁcation and shielding effects in delamination
interactions; and Suemasu and Majima (1996) noted that systems
of equally spaced, equally sized, penny-shaped delaminations in
homogeneous circular plates subject to a transverse point force
maintain their equal sizes during propagation. No papers report
studies on dynamic multiple delamination fracture.
Recently, the authors analyzed multiple delamination fracture
of homogeneous plates subject to quasi-static cylindrical bending
using a semi-analytic particularization of Timoshenko beam theory
(Andrews et al., 2006; Andrews and Massabò, 2007, 2008; An-
drews, 2005). Important interaction effects were detailed: (i) the
presence of multiple delaminations induces phenomena of static
ampliﬁcation or shielding of the crack tip stress intensity factors
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affected quasi-static crack when it is present alone in the same
specimen) and modiﬁcation of the mode ratios, even when crack
tips are far from each other; (ii) ampliﬁcation and shielding inﬂu-
ence the macrostructural response, leading to snap-back and snap-
through instabilities, crack arrest, crack pull along and strengthen-
ing effects (ultimate load exceeding the critical load for initial
crack propagation); (iii) homogeneous systems of equally spaced,
equal length delaminations subject to point forces always grow
with equal lengths and the equality of length is stable with respect
to length perturbations, whereas systems of unequally spaced del-
aminations can be unstable with respect to one becoming domi-
nant. Further to the last point, the stability of the equality of
length of a crack system is controlled by the spacing of the delam-
inations only (not by the initial length or the crack growth crite-
rion); when lengths do not remain equal, load curves exhibit
more brittle post-peak responses.
1.2. Scope of the present paper
In many structural applications, the loading conditions of most
concern are dynamic or cyclic, rather than static. In the present pa-
per, the prior results for static loading are used as a base to build
understanding of multiple delamination under dynamic condi-
tions. While many features of the static solutions remain present,
substantial effects arise from inertia and cause qualitative changes
in behavior in some regimes. In particular, dynamic ampliﬁcation
of the fracture parameters arises, i.e., increase relative to the values
for the same crack system in static conditions. The dynamic ampli-
ﬁcation couples nonlinearly with crack interaction effects (charac-
terized by the values of static ampliﬁcation or shielding).
The problem studied is that of a multiply delaminated plate
subject to cylindrical bending, which implies plane strain condi-
tions and translational invariance of crack shapes in the direction
of the bending axis. This geometry is different to that expected in
the important engineering problem of laminated plates subjected
to a point impact load, where induced delaminations typically
show a staircase or pine-tree conﬁguration that is partly controlled
by the ply lay-up (e.g., Case and Reifsnider, 1999). Such crack con-
ﬁgurations are not plane strain cases. The primary motivation for
studying plane conditions is that they represent many laboratory
tests: a logical path to predicting cracking in cases of general sym-
metry is ﬁrst to deduce dynamic fracture properties, e.g., dynamic
fracture energies or dynamic cohesive laws, from plane tests,
which are easier to analyze, and then use those laws in a fully
three-dimensional simulation of the ﬁeld case. One important con-
tribution of the present work is to provide enough understanding
of the expected delamination behavior in such tests that specimen
sizes, notch sizes, and loading histories can be chosen to assure
that a test yields the desired data. Key issues include choosing tests
that ensure the presence of multiple delaminations so that their ef-
fect on cohesive laws can be measured.
Cases presented include plates with various boundary condi-
tions, including plates loaded transversely at mid-span with two
built-in ends (‘‘clamped–clamped”), two simply supported ends,
or mixed end conditions, and a cantilever loaded transverselly at
its free end (the cantilever case is used for a validation study of
the solution method). With the exception of the validation study,
all the results reported in detail are for the plate loaded at mid-
span with two built-in ends, but occasional summary reference
will be made to results for other cases.
Such cases do also resemble one important ﬁeld case, namely
that of a skin structure supported by stiffening ribs, such as an air-
frame, ship hull, or armored vehicle shell. Dynamic loads imposed
at mid-span, as assumed here, might represent a ballistic impact,
underwater blast, or blast in air.For physical consistency under plane conditions, the plate and
all sub-laminates created by delaminations are assumed to be
orthotropic, with axes of elastic symmetry aligned with the speci-
men. This assumption allows the model to represent cases of inter-
est in cross-plied ﬁber composites, provided plies are
symmetrically grouped in sub-laminates, as well as mixed lami-
nates of ﬁber composites and alloy layers, which are becoming
widespread in airframes. Specimens satisfying the assumed con-
straint on symmetry can be assured in a composite specimen being
used for calibrating dynamic bridging laws by choosing the lay-up
appropriately or by using starter notches to restrict the active
delamination planes.
1.3. Choice of formulation in the present work
An approximate formulation is used that yields analytic or
semi-analytic solutions in the quasi-static case and considerably
simpliﬁed computations in the dynamic case. The computational
solutions are found by a ﬁnite difference scheme, which is very
efﬁcient for solving the differential equations that result from the
assumed beam representation of displacement ﬁelds. The solutions
are conﬁrmed by ﬁnite element solutions, where the full 2D dis-
placement ﬁelds are represented numerically, proving their accu-
racy in all but a few details of near-crack-tip ﬁelds that have no
signiﬁcant inﬂuence on the results. The approximate method al-
lows the boundaries of different behavior domains to be mapped
exhaustively and accurately. This is not easily done with 2D ﬁnite
element solutions, due to numerical noise, which can obscure
which behavioral domain a particular case belongs to.
The approximate method derives from the models formulated
in (Andrews et al., 2006; Andrews and Massabò, 2007; Andrews,
2005) for the quasi static problem in which the system is decom-
posed into a discrete set of Timoshenko beams. In the present
work, the formulation is extended by representing all fracture
planes (actual and potential) through cohesive interfaces, which
facilitates the computational creation of new fracture surfaces
and allows for the study of multilayered systems. The cohesive
interfaces may be used to represent the nonlinear process of mate-
rial rupture, crack shielding due to through-thickness reinforce-
ment, the elastic resistance to interpenetration of delaminated
sub-laminates and the effects of friction. In this work, they are used
to represent only the ﬁrst three of these phenomena; and where
the cohesive law represents matrix failure during delamination,
it is chosen to correspond to perfectly brittle propagation of pre-
existing cracks. Generalization of the law to allow prediction of
the initiation of systems of delaminations (Williams and Addessio,
1998) as well as the treatment of friction is anticipated in future
work.
The cohesive interface law is assumed here to contain an initial
linear regime preceding the peak cohesive traction, beyond which
the tractions vanish or diminish. Laws of this type were proposed
by Xu and Needleman (1994) to study dynamic fracture in homo-
geneous materials and allow fracture to be a natural outcome of
the boundary value problem. No special condition needs be im-
posed at the crack tip to predict crack initiation or propagation;
the crack propagates when the local stress exceeds the peak trac-
tion in the cohesive law. The initial linear regime does allow some
displacement discontinuity even in intact portions of the plate,
which is non-physical, but the initial stiffness is assigned a very
high value and the cohesive elements are introduced on only a
few potential fracture planes, so the effect on the overall plate
compliance is negligible. For the problem at hand the method is
computationally simpler than the adaptive method (Camacho
and Ortiz, 1996), in which the cohesive interfaces are inserted only
when an external criterion to initiate and propagate fracture is
satisﬁed.
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Consider a multilayered plate of thickness h with n through-
width delaminations that deforms in cylindrical bending. A system
of Cartesian coordinates x–y–z is introduced along with the time
variable t (Fig. 1a).
The plate is decomposed into m sub-laminates with equal mass
density qm, joined through cohesive interfaces. Each sub-laminate
is homogeneous, orthotropic, with principal material axes x–y–z,
and linear-elastic. This assumption, along with the assumption of
cylindrical bending, allows the description of laminates made of
an arbitrary number of layers of isotropic/orthotropic materials,
cross-ply laminates as well as quasi isotropic laminates and gen-
eral angle ply laminates with a sufﬁciently large number of sym-
metrically grouped plies in each sub-laminate. In the calculations
reported in this study all layers are assigned equal elastic con-
stants, e.g., a uniformly reinforced laminate. The number of sub-
laminates is determined by the number of planes on which cohe-
sive interfaces are deﬁned. In the calculations reported in this pa-
per, cohesive interfaces were introduced only along the planes of
pre-existing delaminations. The method of combining Timoshenko
layers with cohesive interface layers can be generalized to obtain
more accurate descriptions of the two-dimensional crack tip ﬁelds
by increasing the number of sub-laminates and cohesive interfaces
so that a single sub-laminate is much thinner than the spacing be-
tween delaminations (Zou et al., 2001; Bruno et al., 2003). How-
ever, this reﬁnement is unnecessary for the problems studied here.
First-order shear deformation theory is used to model the sub-
laminates and the governing equations of the system of sub-lami-
nates correspond to those of a laminated beam.
2.1. Sub-laminate governing equations
The generic sub-laminate k (k = 1, . . . ,m, increasing from top to
bottom) has height hk and its cross-sectional moment of inertia
and area per unit width are Ik ¼ h3k=12 and Sk = hk. The generalized
displacements of its centroidal axis are the axial and transverse
displacements uk and wk and the bending rotation uk. The stress
resultants per unit width are the axial force Nk, shear force Vk
and bending moment Mk (Fig. 1b). The compatibility equations are
ukðz; tÞ ¼ w0kðz; tÞ þ ckðz; tÞ; ekðz; tÞ ¼ u0kðz; tÞ;
jkðz; tÞ ¼ u0kðz; tÞ; ð1Þ
where ek, ck, and jk are the axial and shear deformations and the
bending curvature and the superscript 0 indicates a spatial deriva-
tive with respect to z. The constitutive relationships are
Nkðz; tÞ ¼ Akekðz; tÞ; Mkðz; tÞ ¼ Dkjkðz; tÞ; Vkðz; tÞ ¼ Gkckðz; tÞ
ð2Þ
where Dk, Ak and Gk are the bending, extensional and shear stiff-
nesses of the sub-laminate deﬁned using lamination theory from
the elastic constants and geometry of the laminae comprising the
sub-laminate. Lay-ups resulting in sub-laminates that satisfy the
plane strain condition parallel to the plane z–y but are not orthotro-
pic and have non zero bending-extensional stiffnesses, Bk– 0, can
be included with minor modiﬁcations to the model (Andrews,
2005).
Normal and shear tractions TN and TS act along the lower
(subscript k, k+1) and upper (subscript k  1, k) surfaces of
the sub-laminate (Fig. 1b). They may represent externally ap-
plied tractions on the beam surfaces (for k = 1 or k =m), interfa-
cial tractions in the intact portion of the beam, or contact,
friction and cohesive/bridging tractions acting along the surfaces
of open interfaces (delaminations). Dynamic equilibrium of sub-
laminate k is given byM0k  Vk 
1
2
hkðTSk;kþ1 þ TSk1;kÞ ¼ qmIk €ukðz; tÞ; ð3Þ
V 0k  TNk;kþ1 þ TNk1;k ¼ qmSk €wkðz; tÞ; ð4Þ
N0k  TSk;kþ1 þ TSk1;k ¼ qmSk€ukðz; tÞ; ð5Þ
where the terms on the right-hand sides account for the inertia of
the sub-laminate and the dot indicates a derivative with respect
to time. Viscous damping is not included in the model.
Eqs. (1)–(5) are used to deﬁne the matrix form of the equilib-
rium equations:
Kð2Þk v
00
k1;k;kþ1 þ Kð1Þk v0k1;k;kþ1 þ Tk1;k;kþ1 ¼ Mk€vk1;k;kþ1; ð6aÞ
where v is the 9-component vector of the generalized displace-
ments of the segments k  1, k, and k+1 and T is the 3-component
vector of the interface tractions between sub-laminates k  1, k,
and k+1:
vk1;k;kþ1 ¼ wk1; uk1;/k1;wk;uk;/k;wkþ1;ukþ1;/kþ1
 T
; ð6bÞ
Tk1;k;kþ1¼ 12hk T
S
k;kþ1þTSk1;k
 
;TNk;kþ1þTNk1;k;TSk;kþ1þTSk1;k
 T
:
ð6cÞ
K(2), K(1) and M are stiffness and mass 3  9 matrices uniquely de-
ﬁned by the geometry and elastic properties of the sub-laminate:
K ð2Þk ¼
0 0 0 0 0 Dk 0 0 0
0 0 0 Gk 0 0 0 0 0
0 0 0 0 Ak 0 0 0 0
2
64
3
75;
K ð1Þk ¼
0 0 0 Gk 0 0 0 0 0
0 0 0 0 0 Gk 0 0 0
0 0 0 0 0 0 0 0 0
2
64
3
75;
Mk ¼
0 0 0 0 0 qmIk 0 0 0
0 0 0 qmSk 0 0 0 0 0
0 0 0 0 qmSk 0 0 0 0
2
64
3
75:
ð6dÞ2.2. Cohesive interfaces
Cohesive interfaces deﬁne all the potential fracture planes be-
tween sub-laminates. The cohesive interface law relates the inter-
facial tractions to the relative interfacial displacements. The
normal and tangential interfacial tractions, TNk;kþ1 and T
S
k;kþ1, be-
tween two sub-laminates k and k+1 (Fig. 1b), are assumed to be
rate-independent and to depend on the respective mode I (open-
ing) and mode II (sliding) relative displacements only:
wNk;kþ1ðz; tÞ ¼ wkþ1ðz; tÞ wkðz; tÞ;
wSk;kþ1ðz; tÞ ¼ ukþ1ðz; tÞ þ hkþ12 ukþ1ðz; tÞ
h i
 ukðz; tÞ  hk2 ukðz; tÞ
h i :
ð7Þ
The cohesive traction laws are deﬁned with different possible fea-
tures representing different physical mechanisms.
2.2.1. Unfailed interfaces
A steep initial linear elastic branch up to a critical value of the
interfacial displacement represents perfect adhesion between
sub-laminates in the intact part of the plate (Fig. 2) (Xu and Nee-
dleman, 1994):
TNk;kþ1 ¼ kNk;kþ1wNk;kþ1 for 0 6 wNk;kþ1 6 wN0 ;
TSk;kþ1 ¼ kSk;kþ1wSk;kþ1 for 0 6 wSk;kþ1 6 wS0;
ð8Þ
where kNk;kþ1 and k
S
k;kþ1 are normal and tangential stiffnesses and w
N
0
and wS0 are critical mode I and mode II interfacial displacements.
Fig. 1. (a) Exemplary plate comprising sub-laminates with multiple through-width delaminations subject to cylindrical bending. (b) Stress resultants and interface tractions
in an inﬁnitesimal element of a typical sub-laminate k.
ST−
Sw
S
crw0
Sw
Sk
NT−
Nw
N
crw0
Nw
Nk
N
contactk
a b
Fig. 2. Example mode I (a) and mode II (b) interface laws. When wNcr ¼ wN0 and wScr ¼ wS0 the model is used to reproduce LEFM with GIcr ¼ 1=2kNðwN0 Þ2 and GIIcr ¼ 1=2kSðwS0Þ2.
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minimize errors due to the introduction of ﬁctitious compliant sur-
faces in the body.
2.2.2. Perfectly brittle fracture
If the interfacial tractions are assumed to vanish beyond the
critical interfacial displacements, wN0 and w
S
0 (Fig. 2), the size of
the resulting cohesive zone at a delamination tip is small, the crack
is in small scale yielding conditions and the interface model can be
used to simulate perfectly brittle fracture and reproduce LEFM re-
sults (Alfano and Crisﬁeld, 2001; Ortiz and Suresh, 1993; Zou et al.,
2001; Bruno et al., 2003). In this case, the areas under the cohesive
traction–displacement laws (8) represent the mode I and mode II
fracture energies of the interface GIcr ¼ 1=2kNk;kþ1ðwN0 Þ2 and
GIIcr ¼ 1=2kSk;kþ1ðwS0Þ2 and a failure envelope for mixed-mode frac-
ture can be deﬁned in terms of relative crack displacements or en-
ergy release rate components:
HðwNk;kþ1Þ
wNk;kþ1
wN0
 !r
þ w
S
k;kþ1
wS0


r
¼1 or GI
GIcr
	 
r1
þ GII
GIIcr
	 
r1
¼1;
ð9Þ
where the relative displacements are at the current tips of the trac-
tion free delaminations and the mode I and mode II components of
the energy release rate are GI ¼ 1=2kNk;kþ1ðwNk;kþ1Þ2 and
GII ¼ 1=2kSk;kþ1ðwSk;kþ1Þ2; the constant r is a material property; H()
is the Heaviside step function, H(n) = {1,n > 0;0,n < 0}, whose pres-
ence ensures that the failure in mode I can only occur in tension.
The traction vector, Eq. (6c), corresponding to the brittle inter-
face law Eq. (8) can be expressed as
Tk1;k;kþ1 ¼ Kð0Þk vk1;k;kþ1; ð10aÞwhere K0k is the 3  9 component interfacial stiffness matrix given
by
Kð0Þk ¼
Kð0Þk1
Kð0Þk2
Kð0Þk3
2
664
3
775;
Kð0Þk1 ¼ 0;hk2 k
S
k1;k;
hk
2
hk1
2 k
S
k1;k;0;
hk
2 k
S
k1;kkSk;kþ1
 
;
h2k
2 k
S
k1;kkSk;kþ1
 
;
h
0;hk2 K
s
k;kþ1;
hk
2
hkþ1
2 k
S
k;kþ1
i
;
Kð0Þk2 ¼ kNk1;k;0;0;kNk1;kkNk;kþ1;0;0;kNk;kþ1;0;0
h i
;
Kð0Þk3 ¼ 0;kSk1;k;hk12 k
S
k1;k;0;kSk1;kkSk;kþ1;hk2 k
S
k1;kþkSk;kþ1
 
;
h
0;kSk;kþ1;
hkþ1
2 k
S
k;kþ1
i
:
ð10bÞ2.2.3. Bridged and cohesive delaminations
In a study of cohesive crack propagation, which includes the
small scale yielding condition as a limiting case, the initial elastic
branch of the cohesive law, Eq. (8), is followed by a second branch
that depends on the material under consideration (Fig. 2): a soften-
ing law may represent strain softening due to microcracking or
crazing while a hardening law may represent bridging by continu-
ous through-thickness reinforcement (e.g., stitching). Beyond some
critical displacement the interfacial tractions may be zero corre-
sponding to complete failure of the cohesive or bridging mecha-
nism. If unloaded prior to failure, the traction law may be
irreversible. For brittle processes, a common assumption for
unloading behavior is that the tractions will reduce to zero at zero
displacement, but following a path that differs from the original
loading path and also deﬁnes the new loading path for subsequent
2 The term ‘‘response spectrum” refers to the variation with load rise time or
duration of the maximum value of some dynamic characteristic of the system
normalized to its maximum value for static conditions (the latter being its value at
peak load).
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being simulated, including laws for plasticity in which a residual
displacement remains after unloading. In one of the applications
in this paper, a hardening law corresponding to through-thickness
reinforcement that does not fail will be considered. Other general-
ities including laws appropriate for friction will be considered in
future work.
2.2.4. Contact law
Contact on thedelaminatedportionof the interfacebetweensub-
laminates k and k + 1 is implied whenever negative opening dis-
placement occurs. The inhibition of interpenetration is invoked by
a Winkler spring foundation model with contact tractions (Fig. 2):
TNk;kþ1 ¼ kNk;kþ1wNk;kþ1; ð11aÞ
where
kNk;kþ1 ¼
hk
2ET;k
þ hkþ1
2ET;kþ1
	 
1
HðwNk;kþ1Þ ð11bÞ
and ET,k and ET,k1 are the transverse Young’s moduli of the sub-
laminates; the Heaviside step function ensures that the springs do
not resist opening between beam segments. In this study contact
is assumed to be frictionless.
A simpliﬁed model of contact, the constrained-contact model, is
obtained from the spring contact model when kNk;kþ1 !1; this
model prevents opening and interpenetration of the sub-laminates
in the delaminated regions, allowing only relative sliding. The con-
strained-contact model is useful for computing natural vibration
periods, which describe the response of the structure if the delam-
inations are subject to pure mode II conditions. These mode II
vibration periods are used as convenient normalizing parameters.
2.3. Solution method
The solution is found by discretizing the problem using unidi-
mensional space and time grids and applying a ﬁnite difference
numerical scheme with second-order accuracy. The discretized
governing equation for the entire beam cross-section at the coordi-
nate zi of the grid point i at time step n is found by stacking the dis-
cretized forms of Eq. (6a), one for each of the sub-laminates. The
governing equations for all beam sections i are then combined into
a single matrix equation and boundary conditions are applied with
all derivatives approximated as one-sided differences. The ﬁnal
matrix equation at time step n is of the form
M€vðnÞ ¼ KðnÞvðnÞ þ FðnÞ; ð12Þ
where v(n) is a vector of the displacements w, u, / for all beam seg-
ments in each beam section corresponding to each grid point, M is
the mass matrix and Fn contains all contributions from uniformly
applied loads. The stiffness matrix Kn depends on time due to the
nonlinearity of the interface. The time integration technique is
based on the implicit, unconditionally stable, alpha-method of
Chung and Hulbert (1993), which maximizes numerical dissipation
of high-frequency oscillations. The regions of contact and cohesion,
which are unknown a priori, are deﬁned through an iterative
numerical procedure. Further details are presented in Appendix A.
2.4. Energy release rate components
Fracture and the growth of generally mixed-mode delamina-
tions are controlled during a calculation by the chosen interface
law with no explicit reference to the energy release rates at a
delamination tip. The individual mode energy release rates can
be calculated a posteriori from stored interface variables (see for in-
stance Allix et al., 1995 and Chen et al., 1999). For monotonicallyincreasing interfacial displacements, GI and GII are given by the
area under the traction–separation laws
GI ¼ 
RwN
k;kþ1
0 T
N
k;kþ1dðwNk;kþ1Þ;
GII ¼ 
RwS
k;kþ1
0 T
S
k;kþ1dðwSk;kþ1Þ;
ð13Þ
where the upper limits of integration are the interfacial relative dis-
placements at the tip of the traction-free domain of a delamination.
The total energy release rate is G ¼ GI þ GII .
2.5. Model validation
The solution method was validated by comparison with two-
dimensional solutions from the literature. To test predictions for
short cracks and when the tips of multiple cracks are close to each
other, the quasi-static problem of a homogeneous and isotropic
cantilever beam with two equally spaced, unequal length cracks
subject to a concentrated force applied at the free end was exam-
ined (Andrews et al., 2006). To validate the dynamic solution of the
problem, the mode I dynamic fracture of a double cantilever beam,
already studied by Camacho and Ortiz (1996), was examined. Re-
sults are presented in Appendix B.
3. Systems of stationary delaminations
New results are presented ﬁrst for systems of stationary delam-
inations to highlight the inﬂuence of different dynamic loading
conditions (pulse shapes and durations) on the response up to
the onset of crack propagation. All results presented in Section 3,
as well as those of Sections 4 and 5 and the Appendices, refer to
clamped–clamped beams of thickness h and length 2L with central
cracks of length 2a, subject to a transverse force P applied dynam-
ically at the midspan. The loading histories are speciﬁed a priori;
the complex interaction of an impactor or other source of the load
and the laminate is not examined. The material is homogeneous,
isotropic and perfectly brittle (cohesive law given by Eq. (8)), and
contact between the crack surfaces is frictionless. Orthotropic sys-
tems with axes of material symmetry aligned with the specimen
will behave in a qualitatively similar manner.
3.1. Stationary, equally spaced and equal length delaminations
3.1.1. Key results in this section
For equally spaced and equal length delaminations, the defor-
mation ﬁeld remains essentially mode II at all times as a conse-
quence of the symmetry of the problem. Dynamic ampliﬁcation
of the mode II energy release rates couples with ampliﬁcation
due to the interaction of multiple delaminations in a manner that
depends on the shape and duration of the dynamic excitation. De-
tails of the main results are as follows, with more details given in
Appendix C.
3.1.1.1. Step forces with zero and ﬁnite rise times. Analyses per-
formed on systems subject to step forces and to step forces with ﬁ-
nite rise times show that dynamic ampliﬁcation effects and
interaction effects are approximately uncoupled. This result is
summarized in Figs. 3 and 4.
The response spectrum2 of Fig. 3 refers to systems with one, two
and three delaminations and shows that the maximum ampliﬁcation
factor of the energy release rate due to dynamic effects remains
approximately constant on varying the number of delaminations
(the dynamic ampliﬁcation factor is given by the ratio of the overall
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ergy release rate corresponding to themaximumapplied force, Gstatic).
In the diagram, the rise time, tR, is normalized by t1, the ﬁrst natural
period of vibration. The maximum dynamic ampliﬁcation factor,
about 5 for this delamination conﬁguration (and smaller/larger for
smaller/larger normalized crack lengths), occurs for zero rise time; it
decreases to unity when tR  t1 and oscillates near unity for larger tR.
For tR > 3t1 the structure responds quasi-statically. The dynamic
ampliﬁcation factor of the load point displacement (not shown here)
is unaffected by the number of cracks and their lengths, coincideswith
that of an intact beam and is maximum and equal to 2 for tR = 0.
Approximate uncoupling between dynamic ampliﬁcation and
interaction effects can also be observed in the normalized time his-
tory curves of the dynamic energy release rates, G=Gstatic versus t/t1,
that approximately coincide in systems with different numbers of
delaminations Fig. 4 shows this behavior in systems of one, two
and three equal length and equally spaced delaminations subject
to a step force with a ﬁnite rise time tR = t1/2. With the normaliza-
tion used the curves for the three systems are very similar, as are
the dynamic ampliﬁcation factors, which range between 2.4 (single
crack system) and 2.7 (three crack system). As a consequence of
the uncoupling, the time history diagram of a single delamination
system can be rescaled to describe the average dynamic response
of multiply delaminated systems. This can be simply done knowing
the static solution for the particular multiple delamination system3
and its ﬁrst period of vibration.3 The energy release for the collinear simultaneous propagation of each delami-
nation in a clamped–clamped beam of thickness h, unit width and n central, equally
spaced delaminations of length 2a is GEh=P2 ¼ 3=8ða=hÞ2ðnþ 2Þ, if shear deformations
are neglected and elementary beam theory is used as in (Andrews et al., 2006). The
effects of shear and near tip deformations change the solution above (Andrews and
Massabò, 2007), but the dependence of the solution on n is maintained.3.1.1.2. Pulse force. In systems subject to pulse forces, dynamic
ampliﬁcation effects and interaction effects are uncoupled only
when the duration of the pulses, tp, is sufﬁciently long (tp/
t1 > 1.5). This behavior is highlighted in the response spectra of
Fig. 5 where coupled dynamic-interaction effects have been stud-
ied referring to systems of one, two and three equal length and
equally spaced delaminations subject to a symmetrical triangular
pulse force. The response spectra show dynamic ampliﬁcation
factors of the total energy release rate as a function of the normal-
ized pulse duration. Overall maxima have been recorded in Fig. 5b
and maxima occurring during the forced vibration phase in Fig. 5a.
For short pulse durations, the dynamic ampliﬁcation factors
increase on increasing the number of delaminations. The effect is
stronger on the overall maxima (including the free vibration
phase).
Step loads and triangular pulses generate qualitatively differ-
ent trends in the dynamic ampliﬁcation factor as the rise time
approaches zero (Figs. 3 and 5a); as tR? 0, step loads lead to
large ampliﬁcation, whereas as tp? 0 the energy release rate
vanishes for triangular loading histories. An explanation of the
latter phenomenon is as follows. When pulses become short
the dynamic response becomes independent of the pulse shape
and is controlled by the pulse area only, which goes to zero for
tp? 0. Furthermore, as the pulse becomes very short, maxima
in the energy release rate occur in the free vibration phase
and free-wave amplitudes are limited by the impulse received.
(A response that is intermediate to those for the step load
and triangular pulse can be obtained with a trapezoidal loading
history in which the maximum load is sustained for a ﬁnite
time, tm; numerical studies show that the ampliﬁcation factor
for such a load history will approach a value near unity as
tR? 0 when tm  0.1 t1).
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3.2.1. Key results in this section
Forsystemsofunequallyspacedorunequal lengthdelaminations,
the deformation ﬁeld is mixed mode with the time-history of the
mode ratio controlled by the loading conditions. The characteristics2
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results for multiple delaminations are presented in Appendix C.
3.2.1.1. Pulse force. Three characteristic regimes exist in the time
histories of the energy release rate of systems with brittle delam-
inations that are unequally spaced or of different lengths and sub-P
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for a single delamination located at one third of the beam thickness
from the top surface and subject to a triangular loading pulse with
duration tp = (3/4)t1. The mode I and mode II components of the
static energy release rate corresponding to the maximum applied
force for quasi–static loading are also shown (dashed lines).
During the loading phase (forced vibrations), the mode II energy
release rate experiences a large dynamic ampliﬁcation, while the
mode I energy release rate remains at or below the static value be-
cause the applied load constrains the upper and lower delaminated
arms to displace without separation. After the load has been com-
pletely removed (initial free vibration phase), the mode II compo-
nent remains ampliﬁed while large oscillatory ampliﬁcation of the
mode I component also occurs as the now-unconstrained arms vi-
brate out of phase due to mismatch in bending stiffness. The beam
then enters a third regime of behavior characterized by hammer-
ing, i.e., chaotic localized impacts at different points along the
crack surfaces and at different time steps. Both components of
the energy release rate undergo high-frequency oscillations with
large amplitudes. In reality, the large oscillations might be
smoothed by energy dissipation mechanisms, such as heat genera-
tion, microcracking or friction.
The three phases of behavior also lead to distinct characteristics
in the time history of the vertical displacements of the two arms at
the loading point (Fig. 6b).
3.2.1.2. Step force. In contrast to the case of a pulse load, the sudden
application of a sustained load, e.g., a step load, can also induce
ampliﬁcation of the mode I component of the energy release rate
during the forced vibration phase. This effect can be traced to
high-order waves that arise for the suddenly applied load
(Fig. C1). The high-order waves also cause roughness in the energy
release rate history, but the roughness disappears if the rise time is
long enough. If the load is maintained at a constant level, the ham-
mering effect that characterizes the free vibration response of sys-
tems subject to pulse forces is absent and the oscillations become
regular and periodic as in systems of equal length, equally spaced
delaminations.
4. Propagating systems of equal length delaminations
Previous analytical studies (Andrews et al., 2006) have shown
that systems of equally spaced and equal length brittle delamina-
tions in homogeneous plates subject to quasi-static cylindrical
bending maintain the equality of crack lengths during propagation
and the equality is stable with respect to length perturbations. On
the other hand, systems of unequally spaced delaminations can be
unstable, depending on the spacing of the delaminations, leading
to localized growth of one or just a few cracks and to more brittle
post-peak responses. The inﬂuence of inertia on this behaviour will
be examined in the following sections. In all growth simulations,
the mixed mode criterion GI=GIcr þ GII=GIIcr ¼ 1 has been used in
conjunction with Eq. (8), with GIcr and GIIcr the intrinsic mode I
and mode II fracture energies, which are assumed to be unaffected
by the crack speed. Delamination growth is restricted to the inter-
faces of the pre-existing sub-laminates.
4.1. Propagating systems of equally spaced and equal length
delaminations
4.1.1. Key results in this section
To investigate the behavior of systems of propagating delamin-
ations that are equally spaced and have equal initial lengths, beams
characterized by different geometries (number of cracks, L/h ratios
and initial a/h) and subject to time-dependent transverse forces
with different shapes, normalized durations (tpcL/h with cL the lon-gitudinal wave speed) and magnitudes (P=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GcrEh
p
) have been
examined. In addition, studies of the case of a clamped–clamped
beam were supplemented by cases of simply supported beams
and cantilever beams, to assess the inﬂuence of boundary condi-
tions on the tendency for delaminations to grow with equal
lengths. A summary of results for different boundary conditions
is that no signiﬁcant difference arose for the qualitative character-
istics of the crack systems. In particular, for all boundary condi-
tions, equally-spaced cracks propagate with equal length and the
equality of length of the delaminations is stable with respect to
length perturbations. Dynamic conditions do not change this char-
acteristic from the quasi-static case. Exemplary results for
clamped–clamped beams, which show further details and dynamic
effects that do arise, are as follows.
4.1.2. Exemplary details for clamped–clamped beams
Figs. 7b and 8c,d depict the time histories of delamination
growth in a clamped–clamped beam with three equally spaced
delaminations subject to a step force and a triangular pulse force,
respectively. Phases of delamination growth at nearly constant
velocity are separated by intervals of arrest, which in some cases
is permanent (Fig. 8d). During all phases of propagation and arrest,
the delaminations maintain approximately equal lengths. In-
stances of one or two delaminations growing slightly ahead of
the others lead to the eventual growth of the shorter delamina-
tions. If the length of one or more of the delaminations is perturbed
prior to loading, the shorter delaminations grow initially to restore
the equality of length.
The time histories of the energy release rate components of the
three delaminations assumed to be stationary are shown in Figs. 7a
and 8b; they describe the response of the systems up to the onset
of crack growth and deﬁne limiting values of the normalized ap-
plied load P=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GIIcrEh
p
, below which there is no growth.
Considerations of characteristic times for blast and ballistic im-
pacts, pulse durations and times to propagate the cracks, are pre-
sented in Appendix D.
4.2. Propagating systems of unequally spaced and equal length
delaminations
4.2.1. Key results in this section
In quasi-static conditions, systems of equal length and un-
equally spaced brittle delaminations grow with equal lengths only
if the spacing of the delaminations falls within speciﬁed domains
(Andrews et al., 2006). Fig. 9 shows typical domains in a behavioral
map for a system of two delaminations in a clamped–clamped
beam. For delamination conﬁgurations falling inside (outside) do-
main II, cracks propagate with equal (unequal) lengths and equal-
ity of length is stable (unstable) with respect to length
perturbations. New dynamic results for a wide range of through-
thickness positions of the delaminations, different crack lengths,
loading shapes, magnitudes and durations conﬁrm behavior simi-
lar to the quasi-static case, but enriched in important ways by iner-
tial effects. Examples that highlight relevant results are as follows.
4.2.2. Delamination conﬁguration falling into the stable quasi-static
domain
The exemplary diagrams in Fig. 10 show that when the
through-thickness positions of the delaminations fall into the sta-
ble quasi-static domain, which includes the case of equally-
spaced cracks, two different fracture regimes are predicted
depending on whether the initial propagation occurs during the
forced or the free vibration phases. The transition is controlled
by the magnitude and duration of the excitation, P=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GcrEh
p
and
tpcL/h. If initial propagation occurs during the forced vibration
phase, cracks propagate with equal lengths and the equality of
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vibration phase that follows the complete removal of the load,
unequal growth may occur driven by very high frequency, high
magnitude oscillations of the fracture parameters due to out-of-
phase vibrations of the delaminated arms and hammering. How-
ever, this crack growth is slow, sporadic and, in practical consid-
erations, negligible.Results for a triangular force pulse with different durations act-
ing on a stable conﬁguration of two delaminations are shown in
Fig. 10. Figs. 10c,d refer to tp = t1. The response of the system is sta-
ble and the cracks maintain approximately equal lengths for the
entire simulation similarly to a system of equally spaced delamin-
ations. However, important differences arise: during the loading
phase, which includes the onset of propagation, the energy release
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clamped beam subject to a pulse force with different durations. (d) Crack propagation h
propagation history in the system with tp = t1/4 and P=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GIIcrEh
p
¼ 0:183; GIcr ¼ GIIcr ¼ Gcr .
the ordinate.
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approximately equal in equally spaced systems). The lower delam-
ination, which has a higher energy release rate, starts to propagate
ﬁrst (Fig. 10d); a small increment of its length is then enough to
create a large ampliﬁcation of the energy release rate of the upper
crack that is sufﬁcient for it to begin to propagate and simulta-
neous propagation ensues. The same phenomenon was observed
in the quasi-static case for conﬁgurations of non-equally-spaced
cracks that fall within the stable (grey) domain in Fig. 9 (Andrews
et al., 2006).
Higher values of the dimensionless applied load, or, which is the
same, lower values of the dimensionless fracture energy, lead to
similar responses: crack growth occurs during loading or shortly
after unloading and the cracks propagate simultaneously. Differ-
ences in the responses are found only when the critical fracture en-
ergy is higher than the maximum energy release rate that occurs
during the loading phase so that crack growth starts in the free
vibration phase as in the example presented in Fig. 10e,f. In this re-
gime crack growth is slow, sporadic and characterized by numer-
ous intervals of localized growth of one of the cracks, arrest, and
simultaneous propagation of both cracks, driven by the repeated0 100 200 300 400 500 600 700 800 900
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(c, e) Time history of the energy release rates of two stationary delaminations in the
istory in the system with tp = t1 and P=
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GIIcrEh
p
¼ 0:183; GIcr ¼ GIIcr ¼ Gcr . (f) Crack
Shape and duration of the load are plotted in dotted lines with an arbitrary scale in
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does not account for damping mechanisms that would occur and
may be important in real structures; these mechanisms would
slow the growth process.
The response for pulse forces with triangular or non-triangular
shape acting on stable conﬁgurations of the cracks (grey pocket of
Fig. 9) is always similar to that described above, apart from posi-
tions very close to the boundary. The response for a step loading
is stable and similar to that obtained for pulse loads acting on
equally spaced delaminations.
4.2.3. Delamination conﬁguration falling in the unstable quasi-static
domain
For conﬁgurations of a two-delamination system in the unsta-
ble domain, three different dynamic fracture regimes are predicted
depending on the dimensionless magnitude of the excitation,
P=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GcrEh
p
. The ﬁrst regime, for P=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GcrEh
p
below a ﬁrst limit value
and above the threshold for crack propagation, is characterized
by the growth of only one of the cracks; the second regime, for
intermediate values of P=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GcrEh
p
, is characterized by the growth
of one of the cracks followed, at a later time and reduced speed,
by the other crack; the third regime, for P=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GcrEh
p
above a second
limit value, is characterized by the essentially simultaneous prop-
agation of both cracks. The limiting load values depend on the
shape and duration of the excitation and the length and position
of the cracks. Longer durations generally favor growth of a single
crack. Exemplary details of dynamic crack growth in a clamped–
clamped plate in the three regimes are as follows.
Fig. 11b shows the time history of the total energy release rate
total in a two-delamination system subject to a triangular pulse
with duration tp = t1. The delamination conﬁguration falls just out-0
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Fig. 11. (a) Geometrical data and position of the crack conﬁguration in the stability map
in the clamped–clamped beam subject to a pulse force. (c–f) Crack propagation history in
lower crack; lower or right line: upper crack). Shape and duration of the load are plotteside the stable pocket as shown in Fig. 11.a Figs. 11c–f show time
histories of crack growth for three values of the maximum applied
force. The behavior of these systems is substantially different from
that observed for stable systems since an increment in length of
the propagating crack does not produce a large enough ampliﬁca-
tion of the energy release rate of the other crack to induce its
immediate growth, even when the dimensionless load is very high.
This behavior echoes quasi-static results (Andrews et al., 2006).
Similar dynamic responses are predicted for all crack conﬁgura-
tions falling outside the grey pocket in the quasi-static stability
map of Fig. 9. Similarly, changing the length of the pulse or sustain-
ing the load over a long time (e.g., step load) does not modify the
stability conditions of the system.
Considerations of characteristic times for blast and ballistic
impacts, pulse durations and times to propagate the cracks, are
presented in Appendix D.
5. Propagating systems of unequal length delaminations
Previous analytical studies (Andrews et al., 2006) for quasi sta-
tic loading on homogeneous systems with two equally spaced but
unequal length delaminations have proven that the crack systems
tend to grow so that the equal length conﬁguration is approached
and is then maintained throughout propagation. This behavior
can be observed in systems where the relative lengths of the
two cracks, DU = (aU  aL)/aU and DL = (aL  aU)/aL, are smaller
than 50%. Similar responses are observed in unequally spaced sys-
tems where the crack position falls into the shaded area of Fig. 9;
for these systems behavioral maps have been constructed that de-
ﬁne maximum relative lengths corresponding to equal length
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conﬁrmed by numerical analyses under dynamic loading condi-
tions. Fig. 12 refers to a clamped–clamped beam with two equally
spaced delaminations with unequal lengths, aU = 0.65aL, subject to
a triangular pulse load with duration tp=t1. The time history dia-
gram of delamination growth conﬁrms the observation above.
6. The role of large-scale bridging (through-thickness
reinforcement)
Crack bridging mechanisms acting over the crack wake can sub-
stantially improve the quasi-static delamination resistance/toler-
ance of a laminate by shielding the crack tip from the applied
loading, thereby reducing the driving force for crack propagation
or even suppressing crack growth (Massabò and Cox, 1999; Mas-
sabò et al., 1998; Massabò and Cox, 2001; Rugg et al., 2002; Mas-
sabò et al., 2003). A through-thickness reinforcement can also
improve the free vibration response of delaminated systems by
suppressing out-of-phase vibrations of the delaminated arms
(Brandinelli and Massabò, 2003). Fig. 13 shows the inﬂuence of a
linear proportional crack bridging mechanism on the time history
of the energy release rate components of the single off-center
delamination system shown in the inset (Massabò and Cavicchi,
2007). The brittle analog was already studied in Fig. 6, with contact
assumed to be the only active crack wake mechanism. The bridging
mechanism is described by the interfacial tractions TN = kNwN and0
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bridging mechanism with normal and tangential stiffness kS = 0.01E/h and kN = 0.01E/h
bridging mechanisms (Fig. 6). The system is subject to a triangular loading pulse of norm
system in the absence of through-thickness reinforcement. (The material is homogeneous
the load are plotted in dotted lines with an arbitrary scale in the ordinate.TS = kSwS, with kN = kS = 0.01E/h and it is assumed to act along the
entire wake of the delamination. The value assumed for kS corre-
sponds to a typical stitched composite laminate as determined
by (Cox et al., 1997; Turrettini, 1996; Massabò et al., 1998) for a
carbon/epoxy quasi-isotropic laminate, with 48 plies, thickness
7.2 mm, effective longitudinal Young’s modulus E = 49 GPa and
shear modulus G = 2.6 GPa, stitched with glass ﬁber tows in a
square array of side 3.2 mm with area fraction 0.062.
Fig. 13 shows that large scale crack bridging has two important
effects on the response of the system. During the forced vibration
phase, shielding effects signiﬁcantly reduce the energy release rate
components, by an amount that increases with the stiffness of the
springs kN and kS (e.g., by an increase in the area fraction of
through-thickness reinforcement). During the free vibration phase
that follows the removal of the load, the crack bridging prevents
out-of-phase vibrations and hammering of the delaminated arms
of the plate. As a consequence, the high frequency and high magni-
tude oscillations observed in Fig. 6 and redrawn in Fig. 13 with
dashed lines are eliminated, the response becomes more regular
and the oscillations in both the mode I and mode II components
of the energy release rate become periodic. This latter effect is
mainly due to the normal bridging tractions that oppose the rela-
tive crack opening displacements. A similar response would be ob-
tained for much smaller values of kN (any kN > 0.001E/h). Large
scale bridging effects on the dynamic propagation of the delamin-
ations are currently being investigated. For steady-state growth1000 1200
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less than 0.2–0.3 times the shear wave speed in the laminate) as
observed by (Sridhar et al., 2002).7. Conclusions
This paper has been concerned with dynamic effects and large
scale bridging effects in the propagation of multiple delaminations
in homogeneous plates deforming in cylindrical bending. The re-
sults are most applicable to delaminations propagating with plane
symmetry in controlled laboratory specimens and form a basis for
designing information-rich test specimens. Some qualitative as-
pects also provide insight into phenomena whose representation
is likely to be required in simulations of the less symmetric cases
expected in structures. Key results include the following.
7.1. Stationary delaminations
In homogeneous materials with stationary delaminations, the
energy release rates are inﬂuenced by loading rates (dynamic ef-
fects) and interactions between cracks to a degree that depends
strongly on the relative length and through-thickness spacing of
the delaminations.
– If the delaminations are of equal length and equally spaced, the
problem is essentially mode II and dynamic effects and crack
interaction effects are approximately uncoupled when the dura-
tion of the applied pulse is sufﬁciently long; solutions for singly
delaminated systems can therefore be rescaled to deﬁne solu-
tions for multiply delaminated systems.
– If the delaminations are unequally spaced or of unequal lengths,
the problem is typically mixed mode and the ratio of mode II to
mode I changes with the loading conditions and time. The pos-
sibility of opening crack displacements enriches the solution
characteristics as follows. The time history of the energy release
rate components is characterized by three regimes: the forced
vibration regime, where the delaminated arms are constrained
to vibrate in phase and the mode I component of the energy
release rate remains at or below the static value; the free vibra-
tion regime, where out-of-phase vibrations induce important
ampliﬁcation effects in both components of the energy release
rate; and a hammering phase characterized by chaotic localized
impacts along the crack surfaces leading to high frequency, high
magnitude oscillations in the energy release rate components.
The response in all regimes of behavior is changed qualitatively
by large scale wake bridging, such as due to stitching, which
reduces the driving force for crack propagation and eliminates
hammering and all associated phenomena in the free vibration
phase.
7.2. Propagating delaminations – stability of equality of crack lengths
The fracture response of systems of multiple equal length del-
aminations is determined by the delamination conﬁguration in
the same way for arbitrary dynamic loadings as for static loading
conditions (Andrews et al., 2006). In homogeneous systems, the
response is controlled by the through-thickness spacing of the
delaminations only. Crack conﬁgurations can be deﬁned for
which cracks propagate with equal lengths, including the case
of equally-spaced cracks, and the equality of length is stable
with respect to length perturbations (up to approximately 50%
for equally-spaced cracks). The response of systems of delamin-
ations whose conﬁgurations fall into the unstable domains is in-
stead characterized by the localized propagation of only one or afew cracks of the system, which may or not be followed by the
propagation of other cracks at later times and typically reduced
speeds. Where multiple delaminations propagate together, they
do so at signiﬁcantly lower speeds than single dominant
delaminations.
7.3. Implications for energy absorption
The results of the analyses on the fracture response of systems
of equal length delaminations (Section 4) suggest that energy
absorption of laminated systems can be optimized by designing
the material so that delaminations will form along predeﬁned
planes; optimal spacing for homogeneous systems is uniform.
However, the details of cracking and energy absorption will be
strongly inﬂuenced by boundary conditions imposed by the struc-
ture and material heterogeneity. A full account of these effects will
be reported elsewhere.
7.4. The difﬁculty posed by numerical noise with mapping behavior
domains
The results obtained in this paper on the dynamic stability of
the equality of length of systems of equal length delaminations
could not easily have been obtained through numerical simula-
tions only and without prior knowledge of the maps of behavior
and the main interaction effects of multiple delaminations that
were derived in closed form for quasi-static loading conditions.
Difﬁcult challenges are implied for formulating high-ﬁdelity sim-
ulations of multiple delamination damage in structures, where at
least some delamination boundaries will be propagating in tan-
dem under local conditions that are similar to the plane condi-
tions assumed here and predictions are required of their
relative velocities.
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Appendix A. Numerical solution method
The plate is discretized using a unidimensional grid with
mesh size Dz. The time domain t is discretized into a uniform
temporal grid with time increment Dt. Using the ﬁnite difference
operators, D0 and D+D, for the ﬁrst and second space derivatives
of the displacement vector Eq. (6b) at the grid point i and time
step n:
D0v
ði;nÞ
k1;k;kþ1 ¼
vðiþ1;nÞk1;k;kþ1  vði1;nÞk1;k;kþ1
2Dz
;
DþDv
ði;nÞ
k1;k;kþ1 ¼
vðiþ1;nÞk1;k;kþ1  2vði;nÞk1;k;kþ1 þ vði1;nÞk1;k;kþ1
2Dz
;
ðA1Þ
and assuming the brittle interface law given by Eq. (8), the equilib-
rium Eq. (6a) is then expressed in a spatially discretized form as
Kð2Þk DþDv
ði;nÞ
k1;k;kþ1 þ Kð1Þk D0vði;nÞk1;k;kþ1 þ Kð0Þk vði;nÞk1;k;kþ1 þ Fði;nÞk
¼Mk€vði;nÞk1;k;kþ1: ðA2Þ
The governing equations for the entire beam cross-section at
the coordinate zi of the grid point i is found by stacking the above
matrix equations, one for each of the sub-laminates k in the sec-
tion. The governing equations for each beam section deﬁned by
1828 M.G. Andrews et al. / International Journal of Solids and Structures 46 (2009) 1815–1833grid point i are then combined into a single matrix equation and
boundary conditions are applied with all derivatives approximated
as one-sided differences. The ﬁnal matrix equation is of the form
M€vðnÞ ¼ KðnÞvðnÞ þ FðnÞ; ðA3Þ
where v(n) is a vector of the displacements w, u, u for all beam seg-
ments in each beam section corresponding to each grid point, M is
the mass matrix and F(n) contains all contributions from uniformly
applied loads. The stiffness matrix K(n) depends on time due to the
nonlinearity of the interface.
Integration in time is performed using the generalized-a
numerically dissipative algorithm of Chung and Hulbert (1993).
The algorithm is a one-step, three-stage method that employs lin-
ear averaging of the accelerations: one-step because the solution at
time n depends only on the solution at time n  1, three-stage be-
cause the solution is described by three solution vectors for the
displacements, the velocities and the accelerations. Eq. (A3) is dis-
cretized as
M€vðnaMÞ ¼ ðKvÞðnaF Þ þ FðnaF Þ; ðA4aÞ
where
€vðnaMÞ ¼ ð1 aMÞ€vðnÞ þ aM €vðn1Þ;
ðKvÞðnaF Þ ¼ ð1 aFÞðKvÞðnÞ þ aFðKvÞðn1Þ
ðA4bÞ
and
vðnÞ ¼ vðn1Þ þ Dt _vðn1Þ þ Dt2 1
2
 bCH
	 

€vðn1Þ þ bCH€vðnÞ
 
;
_vðnÞ ¼ _vðn1Þ þ Dt ð1 cCHÞ€vðn1Þ þ cCH €vðnÞ
 
:
ðA4cÞ
Proper choices of the constants aM, aF, bCH and cCH in the previ-
ous equations reduce the method to well-known numerically dis-
sipative methods, such as the Newmark method. Other choices
lead to algorithms with better numerical dissipation characteris-
tics (Chung and Hulbert, 1993). For this analysis, the constants
have been chosen to be bCH = 1, cCH = 3/2, aM = 1 and aF = 0.
These values lead to a method that maximizes high-frequency
dissipation and is unconditionally stable and second order in
time.
The acceleration vector at the time step n is found by inversion
of Eq. (A4a); the velocity and displacement velocity vectors follow
from Eq. (A4c). At each time step, the areas corresponding to differ-
ent states of contact, cohesion or traction-free opening/sliding are
determined through iteration starting from a tentative state. The
solution is obtained by checking convergence of the generalized
displacements to a speciﬁed tolerance.0
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To test predictions for short cracks and when the tips of multi-
ple cracks are close to each other, consider the quasi-static prob-
lem of a homogeneous and isotropic cantilever beam with two
equally spaced and unequal length cracks subject to a concentrated
force applied at the free end (Fig. B1), for which two-dimensional
ﬁnite element solutions are available in Andrews et al. (2006).
The material is brittle (cohesive law given by Eq. (8)). Fig. B1 shows
the dimensionless energy release rate of the upper crack on vary-
ing its normalized length, aU/h. The length of the lower crack is
ﬁxed at aL/h = 5.0. The results refer to a case of frictionless contact.
The solution of the proposed interface model follows the ﬁnite ele-
ment solution very well, with less than 2% relative error (for this
and other transverse spacings of the delaminations) when the
delamination tips are separated by more than the separation of
their planes (h/3 in this case). Comparing results for the upper
crack in the absence of a lower crack (dashed curve) shows that
the model also reproduces well the important ampliﬁcation phe-
nomenon due to delamination interactions, especially the sharp
transition in energy release rate when the two delaminations reach
the same length.
The problem of the mode I dynamic fracture of a double canti-
lever beam, already studied by Camacho and Ortiz (1996) using
two-dimensional ﬁnite elements and a cohesive interface ap-
proach, was examined to validate the dynamic solution. The beam
is isotropic, has length L = 0.012 m, depth 2h = 400 lm, an initial
delamination of length a = 400 lm and is assumed to deform in
plane stress. The material is an alumina with Young’s modulus
E = 260 GPa, Poisson’s ratio m = 0.21, mass density qm = 3.690 kg/
m3 and critical energy release rate GIcr ¼ 34 J=m2. In Camacho
and Ortiz (1996), the interface cohesive law was assumed to follow
a Dugdale type model, with constant tractions TN = 203 MPa up to
a critical opening displacement wNcr ¼ 0:1674 lm. Crack growth
was found to be in small scale yielding conditions at all times with
the length of the cohesive zone equal to 88 lm (much smaller than
all specimen dimensions). In the present analysis the cohesive en-
ergy has been lumped into an intrinsic fracture energy and the
material treated as perfectly brittle. The perfectly brittle cohesive
law deﬁned by Eq. (8a) has then be used with kN = 100E/h, in order
to simulate perfect adhesion in the intact portion of the beam, and
the criticalwN0 chosen so that GIcr ¼ 1=2kNðwN0 Þ2 ¼ 34 J=m2. The grid
spacing and the normalized time step have been deﬁned through a
convergence analysis.
The analysis is performed in two steps. First the free ends of the
beam are displaced statically to an initial displacement of 4 lm8 9 10
ed model
rack
L = 10h
aU = 
hU h/3, = hL h/3 = 
varied,   aL = 5h
aL
h
P
aU
hU
hL
stem in a cantilever beam as a function of the normalized length of the upper crack
d model and the ﬁnite element solution (2D) after Andrews et al., 2006.
00.01
0.02
0.03
0.04
0.05
0.06
0.07
0.00E+00 5.00E-07 1.00E-06 1.50E-06
Time (s)
En
er
gy
 (J
)
0.00195
0.00173
0.00151
0.00129
0.00107
0.00084
0.00062
0.00040
Cr
ac
k 
tip
 p
os
iti
on
 (m
) 
Strain energy 
Kinetic energy
Expended energy 
Total ener
Crack tip 
position 
gy
a b
Fig. B2. Dynamic crack growth in a double cantilever beam. (a) Proposed model. (b) After Camacho and Ortiz (1996): two-dimensional ﬁnite element model with adaptive
cohesive interfaces (the energies refer to half of the beam).
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which causes excess strain energy to be stored in the interface at
the delamination tip. The delamination is then allowed to propa-
gate dynamically through the beam while the end displacements
are kept ﬁxed. Under displacement control, as in this example,
the DCB specimen exhibits stable delamination growth; therefore
the delamination will arrest at some later time.
Fig. B2 shows time histories of delamination growth and ener-
gies. The expended energy is the cumulative energy used in order
to create new crack surfaces. The results utilizing the interface
model proposed in this paper (a) closely follow the different
growth stages described by Camacho and Ortiz (b). (The source
of a minor discrepancy in the absolute values, about 5% at time
zero, is unclear. Possibilities include imperfect convergence in
the numerical work of Camacho and Ortiz, whose values rise as
their mesh is reﬁned; and small errors associated with the imper-
fect treatment of through-thickness wave motions in the present
work.) When the interface is released, a wave travels away from
the delamination tip at the shear wave speed of the material,
5.397 m/s. The wave is then reﬂected from the ﬁxed supports
and upon catching up with the propagating delamination tip
causes it to pause at approximately 0.2 ls. Following the pause,
the velocity of the delamination tip increases. As the energy in
the system is expended in creating additional delamination sur-
face, the delamination slows down at approximately 0.8 ls. The
delamination then arrests at about 1.25 ls when the kinetic energy
in the system is no longer sufﬁcient to support its growth.0 1 2 3
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with a = L/2. The ﬁrst dimensionless natural vibration period of the beam is t1cL/h = 4.24Appendix C. Dynamic response of systems of stationary
delaminations
C.1. Equal length and equally spaced delaminations – step force and
step force with ﬁnite rise time
Fig. C1 shows time history curves for the dynamic energy re-
lease rate of a single mid-plane delamination in a clamped–
clamped beam subject to a step force and to a step force with a ﬁ-
nite rise time (mode II problem G ¼ GIIÞ. The energy release rate is
normalized with respect to the quasi static value corresponding to
the maximum applied load P, G=Gstatic; the time is normalized to the
ﬁrst period of vibration, t/t1. The ﬁgure highlights the effects of dif-
ferent rise times: for zero or short rise times, high-order waves
dominate the response giving rise to high-order oscillations and
the largest ampliﬁcations; as the rise time increases, the solution
becomes smoother and for rising times equal to or greater than
the ﬁrst period of vibration of the plate the energy release rate
slowly approaches the static value.
The maximum dynamic ampliﬁcation factor, about 5 for this
delamination conﬁguration, occurs for zero rise time; when the
rise time is equal to the ﬁrst natural frequency of the beam, the fac-
tor is one, indicating that there is no dynamic ampliﬁcation. This
special case occurs at all rise times equal to integer multiples of
the ﬁrst natural period of the beam.
The effects of the interaction between multiple delaminations
on the time history of the energy release rate are highlighted in4
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Fig. C2. Time histories of the energy release rates of equally spaced delaminations in a clamped–clamped beam subject to a step loading: (a) two delaminations, t1cL/
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1830 M.G. Andrews et al. / International Journal of Solids and Structures 46 (2009) 1815–1833Fig. C2 where curves corresponding to systems of two and three
equal length and equally spaced cracks in clamped–clamped
beams subject to a step loading are presented. For the lowest crack
in either system there is a non zero mode I energy release rate
component; however, the component is small and negligible com-
pared to the mode II component so that the problem is approxi-
mately mode II as for the single crack problem.
As for the static solution (dashed lines in Fig. C2a,b) the dy-
namic energy release rates of the delaminations in each system
approximately coincide and local differences are due to the high-
order waves associated with the sudden application of the load;
moreover, the dynamic energy release rates increase on increasing
the number of delaminations in the system, however the dynamic
ampliﬁcation factors approximately coincide and for the one, two,
and three delamination systems are given by Gmax=Gstatic ¼ 4:9, 4.95
and 4.93, respectively.
C.2. Equal length and equally spaced delaminations – symmetrical
triangular pulse force
Fig. C3 shows results, G=Gstatic versus t/t1, for a clamped–
clamped beam with a single mid-plane delamination subject to a
triangular pulse force (mode II problem G ¼ GII). The curves in
the ﬁgure correspond to different pulse durations: for short pulses
the response is dominated by higher-order waves leading to spo-
radic behavior of the energy release rate, with no distinct peak in
the early stages of the simulation (this deﬁnes an impulsive type
behavior, in which the response of the beam is well approximated
by considering the load as an impulse applied over zero time); for
longer pulses the response is dominated by the ﬂexural waves.0 1 2 3 4
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Fig. C3. Time history of the normalized energy release rate of a stationary delamination.
pulse of duration tp. The ﬁrst normalized natural vibration period of the beam is t1cL/h =Response spectra for the energy release rate and the load point
displacement, which deﬁne overall maximum values as functions
of the pulse duration, are presented in Fig. C4. Results obtained for
cracks of different length are also presented in the ﬁgures. Cracks
of shorter lengths are characterized by reduced dynamic ampliﬁca-
tions of the energy release rate; on the other hand, the crack length
has almost no effect on the maximum load point displacement.
C.3. Unequally spaced, equal length delaminations – symmetrical
triangular pulse force
Phenomena similar to those observed in the main text for a sin-
gle off mid-plane delamination (Fig. 6) appear in the response of
systems of multiple unequally spaced delaminations. The diagrams
in Fig. C5 depicts time history curves of the energy release rate
components of each of the two equal length delaminations in a
clamped–clamped beam subject to a triangular pulse force; the
diagram in Fig. C6 refer to a system with two unequal length del-
aminations. The magnitude of the oscillations in the ﬁnal hammer-
ing regime is smaller than that of Fig. 6 since the cracks of this
system are shorter.
Appendix D. Characteristic times in blast and ballistic loading
problems
Controlled delamination is an important mechanism of defend-
ing a structure from blast or ballistic loads, allowing survival by
avoiding overloads through energy dissipation. Blasts may be
transmitted through air or water; ballistic events include bullets
and bomb fragments.5
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speed). Time history of the mode II normalized energy release rate component of the upper delamination in the presence (solid lines) and in the absence (dashed lines) of a
lower delamination. The material is homogeneous and isotropic.
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Table D.1
Characteristics of blasts in air and water.
(a) Air
de/M1/3 (m/kg1/3) Ib/M1/3 (Nsm2/kg1/3) Pb (MPa) tb/de (ls/m)
0.05 105 700 5700
0.5 1500 30 200
5 100 0.08 500
1 kg of TNT explosive 1000 kg of TNT explosive
de (m) tb (ls) Pb (MPa) de (m) tb (ls) Pb (MPa)
0.05 285 700 0.5 285 700
0.5 100 30 5 100 30
5 2500 0.08 50 2500 0.08
(b) Water
de/M1/3 (m/kg1/3) Ib/M1/3 (Nsm2/kg1/3) Pb (MPa) tb/de (ls/m)
0.05 1.5  105 3000 2000
0.5 3  104 300 400
5 3000 20 60
1 kg of TNT explosive 1000 kg of TNT explosive
de (m) tb (ls) Pb (MPa) de (m) tb (ls) Pb (MPa)
0.05 100 3000 0.5 100 3000
0.5 200 300 5 200 300
5 300 20 50 300 20
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ple wave form, consisting of a very rapid rise to peak pressure fol-
lowed ﬁrst by an approximately linear decrease to zero and then by
small amplitude oscillations (Smith and Hetherington, 1994). A
useful summary of pulse characteristics is given in Fig. 11.15 of
Ashby et al. (2000) and related text, which shows computed values
of the impulse per unit area, Ib, and peak pressure, pb, as functions
of the distance, de, of a TNT (trinitrotoluene) explosive from a
structure. Highlighting scaling characteristics of the blast problem,
both the impulse and the distance are normalized by the cube root
of the mass, M, of TNT. Table D.1 shows exemplary numbers in-
ferred from this ﬁgure. The characteristic duration of the pulse,
tb, has been estimated as 2Ib/Pb (the factor of 2 arising from the
nearly triangular shape of the pulse).
For blasts that a structure can survive (pb much less than 1 GPa)
and that present non-trivial loads (pb > 1 MPa), the characteristic
duration of the pulse whether in air or water is conﬁned to a fairly
tight range, 50–500 ls. Only for relatively weak blasts caused by
large but distant explosions in air do pulse durations rise above
1 ms.
For ballistic events, order-of-magnitude estimates of pulse
durations can be deduced if practical simplifying assumptions are
made. A limiting design case is that in which the structure is just
resistant enough to bring the bullet or bomb fragment to rest with-
out being penetrated. A common second design requirement is
that the maximum deﬂection of the structure should not exceed
some speciﬁed value, d0. If the bullet or fragment has an incident
velocity v0 and decelerates uniformly to rest, then the pulse time
is given by tb=2d0/v0. With d0 = 0.1 m and v0 = 1.000 m/s,
tb = 0.2 ms. For lower incident velocities, the pulse time will rise
above 1 ms, but only relatively heavy objects will generate danger-
ous load levels at low velocities.
Most of the results presented in this paper are for loading pulses
whose duration is comparable to the ﬁrst period of vibration of the
beam, t1. For an intact clamped–clamped beam of length, 2L and
thickness h, this is approximately:
t1cL
h
¼ 16
ﬃﬃﬃ
3
p
p
ð4:73Þ2
L
h
	 
2
ﬃ 4 L
h
	 
2
; ðD1Þwhere cL is the longitudinal wave speed (the formula is obtained
using Euler–Bernoulli beam theory; the presence of delaminations
increases the ﬁrst period of vibration as shown in the main text).
Assuming the representative value cL = 6000 m/s for a polymer
composite laminate, the ratio L/h = 10 (as in all the numerical exam-
ples presented in this paper), and the laminate thickness h = 5 mm,
one ﬁnds t1  0.3 ms. This is in the range of loading durations esti-
mated above for most blast and ballistic events of interest. How-
ever, longer and thicker laminates are also possible; for the
expanded parameter ranges h = 5–15 mm and 2L = 100–1000 mm,
one ﬁnds t1 = 0.1–33 ms. The longer vibration times (longer lami-
nates) would exceed the estimated loading times for blast and im-
pact, except for blasts from large, remote explosions. Relevant
analyses for long or thin laminates should use loading pulses short
compared to the ﬁrst period of vibration of the beam.
It is also of interest to compare crack propagation times with
loading times for blast and ballistic cases. The numerical results
from the cases studied in Fig. 11 this paper show that the time,
tc, needed to propagate a crack over the un-notched length of the
beam (i.e., half the beam length in the cases studied) is approxi-
mately given by tccL/h = 40–80. Eq. (D1) shows that, for L/h = 10,
the loading time approximately satisﬁes t1cL/h = 400. Thus the time
needed to propagate the crack system is 0.1–0.2 times the duration
of the loading pulse, or tc = 0.03–0.06 ms for L/h = 10 and h = 5 mm.
This time will rise for longer laminates, becoming comparable to
blast durations when L  1 m, except for large, remote explosions,
for which crack propagation times will always be relatively short.
The estimates above do not change signiﬁcantly with the peak
magnitude of the applied load. The simulations presented in the
paper were obtained for normalized peak loads, P=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GcrEh
p
, varying
between 0.18 and 1. When the peak load is such to cause static
ﬂexural failure in the beam, the estimated characteristic times re-
tain similar values.
References
Abrate, S., 1997. Localized impact on sandwich structures with laminated facing.
Appl. Mech. Rev. 50 (2), 69–82.
Abrate, S., 1998. Impact on Composite Structures. Cambridge University Press,
Cambridge, UK.
M.G. Andrews et al. / International Journal of Solids and Structures 46 (2009) 1815–1833 1833Alfano, G., Crisﬁeld, M.A., 2001. Finite element interface models for the
delamination analysis of laminated composites: mechanical and
computational issues. Int. J. Numer. Meth. Eng. 50 (7), 1701–1736.
Allix, O., Ladeveze, P., Corigliano, A., 1995. Damage analysis of interlaminar fracture
specimens. Compos. Struct. 31 (1), 61–74.
Andrews, M.G., 2005. The static and dynamic interaction of multiple delaminations
in plates subject to cylindrical bending. Dissertation, Ph.D. Degree,
Northwestern University, Evanston, IL, USA.
Andrews, M.G., Massabò, R., Cox, B.N., 2006. Elastic interaction of multiple delamina-
tions in plates subject to cylindrical bending. Int. J. Solids Struct. 43 (5), 855–886.
Andrews, M.G., Massabò, R., 2007. The effects of shear and near tip deformations on
energy release rate and mode mixity of edge-cracked orthotropic layers. Eng.
Fract. Mech. 74, 2700–2720.
Andrews, M.G., Massabò, R., 2008. Delamination in ﬂat sheet geometries in the
presence of material imperfections and thickness variations. Composites, Part B
39, 139–150.
Aoki, Y., Suemasu, H., Ishikawa, T., 2007. Damage protection in CFRP laminates
subjected to low velocity impact and static indentation, 16 (1), 45–61.
Ashby, M.F., Evans, A.G., Fleck, N.A., Gibson, L.J., Hutchinson, J.W., Wadley, H.N.G.,
2000. Metal Foams: A Design Guide. Butterworth-Heinemann, Boston.
Bilek, Z.J., Burns, S.J., 1974. Crack propagation in wedged double cantilevered beam
specimens. J. Mech. Phys. Solids 22, 85–95.
Brandinelli, L., Massabò, R., 2003. Free vibrations of delaminated beam-type
structures with crack bridging. Compos. Struct. 61, 129–142.
Bruno, D., Greco, F., Lonetti, P., 2003. A coupled interface-multilayer approach for
mixed mode delamination and contact analysis in laminated composites. Int. J.
Solids Struct. 40, 7245–7268.
Camacho, G.T., Ortiz, M., 1996. Computational modelling of impact damage in
brittle materials. Int. J. Solids Struct. 33 (20-22), 2899–2938.
Case, S.W., Reifsnider, K.L., 1999. MRLife12 Theory Manual – a strength and life
prediction code for laminated composite materials. Materials Response Group,
Virginia Polytechnic Institute and State University, Blacksburg.
Chen, J., Crisﬁeld, M., Kinloch, A.J., Busso, E.P., Matthews, F.L., Qiu, Y., 1999.
Predicting progressive delamination of composite material specimens via
interface elements. Mech. Compos. Mater. Stuct. 6 (4), 301–317.
Chung, J., Hulbert, G.M., 1993. A time integration algorithm for structural dynamics
with improved numerical dissipation – the generalized-alpha method. J. Appl.
Mech. 60 (2), 371–375.
Corigliano, A., Mariani, S., Pandolﬁ, A., 2006. Numerical analysis of rate-dependent
dynamic composite delamination. Compos. Sci. Technol. 66 (6), 766–775.
Cox, B.N., Massabò, R., Mumm, D., Turrettini, A., Kedward, K., 1997. Delamination
fracture in the presence of through-thickness reinforcement. In: Scott, M.L. (Ed.),
Proc. of the ICCM-11 International Conference on Composite Materials, Venue,
Gold Coast, Australia, vol. 1. Woohhead Publishing, Melbourne, pp. 159–177.
Freund, L.B., 1977. A simple model of the double cantilever beam crack propagation
specimen. J. Mech. Phys. Solids 25, 69–79.
Hellan, K., 1978. Debond dynamics of an elastic strip, I: Timoshenko-beam
properties and steady motion. Int. J. Fract. 14 (1), 91–100.
Hellan, K., 1978. Debond dynamics of an elastic strip, II: Simple transient motion.
Int. J. Fract. 14 (2), 91–100.Hellan, K., 1981. An alternative one-dimensional study of dynamic crack growth in
DCB test specimens. Int. J. Fract. 17 (3), 311–319.
Kanninen, M.F., 1974. Dynamic analysis of unstable crack propagation and arrest in
the DCB test specimen. Int. J. Fract. 10 (3), 415–430.
Larsson, P.L., 1991. On multiple delamination buckling and growth in composite
plates. Int. J. Solids Struct. 27 (13), 1623–1637.
Massabò, R., Cox, B.N., 1999. Concepts for bridged mode II delamination cracks. J.
Mech. Phys. Solids 47 (6), 1265–1300.
Massabò, R., Mumm, D., Cox, B.N., 1998. Characterizing mode II delamination cracks
in stitched composites. Int. J. Fract. 92 (1), 1–38.
Massabò, R., Cox, B.N., 2001. Unusual characteristics of mixed mode delamination
fracture in the presence of large scale bridging. Mech. Compos. Mater. Struct. 8
(1), 61–80.
Massabò, R., Brandinelli, L., Cox, B.N., 2003. Mode I weight functions for an
orthotropic double cantilever beam. Int. J. Eng. Sci. 41, 1497–1518.
Massabò R., Cavicchi, A., 2007. Inﬂuence of crack wake mechanisms on the dynamic
fracture of multiply delaminated plates. In: Proc. of the 16th International
Conference on Composite Materials, ICCM16, Kyoto, July 2007, CDrom. Japan
Society of Composite Materials, pp. 1–7.
Ortiz, M., Suresh, S., 1993. Statistical properties of residual-stresses and
intergranular fracture in ceramic materials. J. Appl. Mech. 60 (1), 77–
84.
Rugg, K.L., Cox, B.N., Massabò, R., 2002. Mixed mode delamination of polymer
composite laminates reinforced through the thickness by z-ﬁbers. Composites,
Part A (33/2), 177–190.
Sankar, B.V., Hu, S., 1991. Dynamic delamination propagation in composite beams. J.
Compos. Mater. 25, 1414–1427.
Smith, P.D., Hetherington, J.G., 1994. Blast and Ballistic Loading of Structures.
Butterworth-Heinemann, Oxford.
Sridhar, N., Massabò, R., Cox, B.N., Beyerlein, I., 2002. Delamination dynamics in
through-thickness reinforced laminates with application to DCB specimen. Int.
J. Fract. 118, 119–144.
Suemasu, H., 1993. Postbuckling behaviors of composite panels with multiple
delaminations. J. Compos. Mater. 27 (11), 1077–1096.
Suemasu, H., Majima, O., 1996. Multiple delaminations and their severity in circular
axisymmetric plates subjected to transverse loading. J. Compos. Mater. 30 (4),
441–463.
Turrettini, A., 1996. Thesis for Masters Degree Department of Mechanical
Engineering, University of California, Santa Barbara.
Williams, T.O., Addessio, F.L., 1997. A general theory for laminated plates with
delaminations. Int. J. Solids Struct. 34, 2003–2024.
Williams, T.O., Addessio, F.L., 1998. A dynamic model for laminated plates with
delaminations. Int. J. Solids Struct. 35, 83–106.
Xu, X.-P., Needleman, A., 1994. Numerical simulations of fast crack growth in brittle
solids. J. Mech. Phys. Solids 42, 1397–1434.
Zheng, S., Sun, C.T., 1998. Delamination Interaction in Laminated Structures. Eng.
Fract. Mech. 59 (2), 225–240.
Zou, Z., Reid, S.R., Soden, P.D., Li, S., 2001. Mode separation of energy release rate for
delamination in composite laminates using sublaminates. Int. J. Solids Struct.
38, 2597–2613.
